A bound for the number of primes dividing [G:Z(G)\ for certain finite solvable groups G is given in terms of the maximal number of primes dividing a conjugacy class.
Introduction
All groups considered in this paper are finite. If A is a nonempty finite set, let \A\ denote the number of distinct elements in A. If « is a positive integer and Hi=xp"' -n is the factorization of n into distinct prime powers, let w(n) -k and n(n) = {px,... , pk] ■ If x e G, hx = \G\/\CG(x)\ denotes the number of elements in the conjugacy class of x . For a group G, let a(G) -max{w(hx) \ x £ G} and ß(G) -{p \p a prime and p \ hg for some g £ G} . Let a (G) = max{w(x(l)) \ x an irreducible character of G} , and p(G) = {p \p a prime and p | x(l) for some irreducible character x of G} .
It is well known that if G is a finite solvable group then p | hx for some x £ G if and only if p | |G/Z(G)|.
Huppert has conjectured that if G is a finite solvable group, then \p(G)\ < 2a(G). This conjecture has been verified when a(G) < 2 (see [6, 2] ). Gluck [2] has also shown \p(G)\ < 2a(G) if all irreducible characters have squarefree degree.
Recently there have been theorems showing a parallelism between results for characters and results for conjugacy classes. At the 1989 International Group Theory Conference in Bressanone, Professor Huppert asked whether this parallelism extended to relating ß(G) and a(G) in a way analogous to results relating p(G) and a(G). There is some indication that this is possible since \ß(G)\ < 2a(G) if a(G) = 1 [1] . We note that \ß(G)\ < 2a(G) is the best possible bound in the sense that for each m, there is a group Gm with \ß(Gm)\ -2m and a(Gm) -m . In this paper we find additional parallels to the work of Gluck and the conjecture of Huppert. The following theorems are proved.
Theorem A. Assume G is a finite supersolvable group and G/Gx is cyclic where G, is the intersection of all maximal normal subgroups of G, then \ß(G)\ < 2a(G).
Theorem B. Assume G is a finite supersolvable group and p > a(G) for all prime divisors p of G, then \ß(G)\ < 2a(G).
Corollary C is obvious once Theorem B is proved.
Corollary C. Assume G is a supersolvable group of odd order and hx is divisible by at most n distinct primes for all x £ G where n < 3, then |G/Z(G)| has at most 2« distinct prime divisors.
Again, paralleling the work of Gluck [2] , Theorem D is proved.
Theorem D. Assume G is a finite solvable group such that hx is squarefree for all x£G, then \ß(G)\ <2a(G). (ii) // MAG, then \M/CM(x)\ \ \G/CG(x)\ for x £ M * .
Proof, (i) Let G be a minimal counterexample. Since (|5|, |7|) = 1, the same hypothesis holds for G = ST/[T, T] and we can assume T is abelian. Let Tx be a maximal proper normal subgroup of G lying in T. If Tx ^ 1, let Sx = CS(T/TX). Since \G/TX\ < \G\, the minimality of G implies that \SX\ # 1 . Now T/Tx a chief factor and (\S\, \T\) = 1 yield T = CT(SX)TX . Hence, S^AG.
Let G = G/SXTX, then there is an x € CT(SX) such that \S\\hx = \G/CG(X)\. Since CS(T) = 1 and Sx normalizes Tx, Cs (Tx) = 1 . Again \G\ > \SXTX\ implies there is a z € 7, with \SX\ | \SXTX\/\CS \. (z)\. Let y = xz, if \S\ f h , then 7 abelian implies there is a g £ S with y8 = y. Since g centralizes y, g centralizes x (mod 7¡ ). Now T/ Tx a chief factor of G and S abelian imply that g centralizes T/Tx whence g £ Sx and g centralizes x. Now xz = y = yg = xz8 yields z8 -z so that g = 1.
Hence, Tx = 1 and 7 is an elementary p-group. Since S is also abelian,
Cr(x)AG for all x £ S. Hence, CS(T) = 1 and the minimality of 7 imply that CT(x) = 1 for x £ S* . Hence, \S\ \ hy for all v 6 7* .
(ii) The isomorphism theorems imply that MCG(x)/M = CG(x)/CG(x) n M -CG(x)/CM(x). Thus, \M\/\CM(x)\ = \MCG(x)\/\CG(x)\. Since \G\ = rc|AfCG(x)| for some integer k , the result follows. License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
